
Chapter 8

Vector Spaces in Quantum Mechanics

Wehaveseenin thepreviousChapterthatthereis asensein which thestateof aquantum
systemcanbethoughtof asbeingmadeupof otherpossiblestates.Theaimhereis to use
theexampleof theStern-Gerlachexperimentto developthis ideafurther, andto show that
thestatesof a quantumsystemcanberepresentedby vectorsin a complex vectorspace.
To begin, we review someof thebasicideasof vectors,usingtheexampleof vectorsin
realtwo dimensionalspace.

8.1 Vectors in Two Dimensional Space

Below is asummaryof theimportantpropertiesof vectorsin physicalspacebasedontheir
interpretationasmathematicalobjectsthathave bothmagnitudeanddirection. Position,
velocity, force andso on areexamplesof suchvectors. The intention is not to give a
completediscussion,but to highlightanumberof importantpropertiesof suchvectorsthat
have analoguesin thecaseof quantumstates,includingthepropertythattwo vectorscan
becombinedto produceanothervector, andthatÔhow muchÕof onevectoris contained
in anothercanbemeasuredvia theinnerproductof two vectors.

8.1.1 Linear Combinations of Vectors – Vector Addition

Considertwo non-collinearvectorsöv1 and öv2, as illustratedin Fig. (8.1). Multiples of
thesepair of vectorscanbeaddedtogetherin thefashionillustratedin Fig. (8.1) to form
anothervector. Conversely, any othervectorv canbe expressedin termsof öv1 and öv2

usingappropriatevaluesfor thecomponentsa andb of v, i.e.

v = aöv1 + böv2. (8.1)

Theright handsideof thisequationis known asalinear combinationof thevectorsöv1 and
öv2. Theparticularpointsto take away from this is thatcombiningvectorsproducesother
vectors,analogousto our observationabove thatcombiningstatesproducesotherstates,
andthatthecomponentsa andb area measureof how muchof öv1 andöv2 respectively go
towardsmakingup thevectorv.
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Thesevectorsarereal vectorsin that thecoe! cientsa andb arerealnumbers.We can
readily generalizethe ideasabove by allowing a and b to be complex numbers. This
makesit di! cult to draw ÞguressuchasFig. (8.1),but the ideacanbestill retainedthat
theabsolutevalues|a| and|b| will thenrepresenttheextent to which v is madeup of the
two vectorsv1 andv2.
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Figure8.1: Examplesof vectoraddition. (a) Two arbitrarybasisvectorsv1 andv2 combining
to give v; (b) A pair of orthonormalbasisvectors; (c) The vector v expressedas a linear
combinationof thebasisvectorsöu1 andöu2: v = 2öu1 + 1.5öu2.

The two vectorsöv1 and öv2 introducedabove arearbitraryexceptinsofar asthey arenot
collinear. They areknown asbasisvectors in the sensethat any vectorcanbe written
asa linear combinationof them. Thereis e" ectively an inÞnitenumberof choicesfor
the basisvectors,and in fact it is possibleto choosethreeor morevectorsto be basis
vectors.But theminimumnumberis two, if we wish to beableto describeany vectorin
theplaneasa linearcombinationof basisvectors.Thecollection of all thevectorsthat
canbeconstructedby takinglinearcombinationsof thesebasisvectorsusingany complex
numbersa andb ascomponentsis known asacomplex vectorspace,andsincetwo basis
vectorsareneeded,thevectorspaceis saidto beof dimensiontwo.

This vector spacepossessmore structurethan that implied by simply forming various
linearcombinations.Vectorsthatcanbedrawn in a plane,asin Fig. (8.1), i.e. for which
thecoe! cientsa andb arereal,canbeclearlyseento have di" erentlengthsandrelative
orientations.Thesepropertiesof vectorsareencompassedin thedeÞnitionof the inner,
scalaror dotproductof pairsof vectors.

8.1.2 Inner or Scalar Products

Theinneror scalarproductof two real vectorsv1 andv2 is deÞnedby

v1 áv2 = v1v2 cosθ (8.2)

wherev1 andv2 arethelengthsof v1 andv2 respectively, andθ is theanglebetweenthem.
Usingtheideaof aninneror scalarproductv1 áv2 it is possibleto introduceaparticularly
usefulpair of basisvectors.To thisend,considertwo vectorsöu1 andöu2 thatsatisfy

öu1 áöu1 = öu2 áöu2 = 1 (8.3)
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i.e. they haveunit length,hencethey areknown asunit vectors,and

öu1 áöu2 = 0 (8.4)

i.e. they areorthogonal. This pair of vectorsöu1 and öu2 is said to be orthonormal. As
before,they form a basisin that multiplesof eachvectorcanbe addedtogetherin the
fashionillustratedin Fig. (8.1) to form anothervector. Conversely, any vectorv canbe
expressedusingappropriatevaluesfor thecomponentsof v, i.e.

v = aöu1 + böu2. (8.5)

Thecomponentsa andb, which representÔhow muchÕof thevectorv is madeup of the
vectorsöu1 andöu2 aregivenby

a = öu1 áv and b = öu2 áv (8.6)

A well known exampleof a vectorexpressedasa linear combinationof a pair of unit
vectorsis givenby thepositionvectorr writtenwith respectto theunit vectorsöi andöj:

r = xöi + yöj. (8.7)

Onceagain, if we allow for thepossibilityof complex vectors,thenthedeÞnitionof the
innerproductis changedto allow for this. Thusthe innerproductof two vectorsv1 and
v2 is now v!

1 áv2, andorthonormalvectorssatisfy

u!
1 áu1 = u!

2 áu2 = 1

u!
1 áu2 = u!

2 áu1 = 0.
(8.8)

Complex basisvectorsarenotexotic mathematicalentities.A simpleexampleis

u1 =
3i + 4ij

5

u2 =
4i " 3ij

5
(8.9)

thoughit is trueto saythatthey arenot oftenencounteredin mechanics,exceptat anad-
vancedlevel, but are,aswe shallsee,routinelyfoundin quantummechanics.Becauseof
that,it is convenientto introducea new notationfor innerproduct(onethatis commonly
usedin puremathematics)which is to write theinnerproductof two vectorsv1 andv2 as
(v1, v2), sothatwewouldhavehere

(v1, v2) = v!
1 áv2. (8.10)

Thevalueof this notationis simply that it is moregeneralanddoesnot tie usto thegeo-
metricalnotionof innerproductthatwe areusedto usingwith positionvectors,velocity
vectorsandthelike.

8.2 Spin Half Quantum States as Vectors

Wenow needto examinethewayin whichthequantumstatesfor aspinhalf systemcanbe
seento Þtin with theideaof beingconsideredasvectors.To seehow thiscomesabout,we
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will show thatthereis aperfectanalogybetweenEqs.(7.43)and(7.44)andcorresponding
relationshipsfor ordinary (complex) vectors. Returningto the Stern-Gerlachexample
discussedin theprecedingChapterweobtainedthereanexpressionEq.(7.44)

|S#= |+#$+|S#+ |"#$"|S#.

for the stateof a spin half atom expressedin termsof the states|±#, which are states
for which the atomhasa z componentof spin equalto ± 1

2! , and$±|S# areprobability
amplitudes(complex numbers)whosemagnitudein somesensetells us Ôhow muchÕof
thestates|±#areto befoundin thestate|S#. This resultwasobtainedby ÔcancellingÕthe
commonfactorÔ$S%|Õfrom theresult

$S%|S#= $S%|+#$+|S#+ $S%|"#$"|S#.

Whatwe shouldbearin mind hereis thatwe canrecover this relationshipbetweenprob-
ability amplitudesby reintroducingÔ$S%|Õinto Eq.(7.44)for any chosenÞnalstate,yield-
ing anexpressionfor theprobabilityamplitudesasneeded.Thus,ashasbeensaidbefore,
Eq. (7.44)e" ectively representsa ÔtemplateÕinto which we inserttheappropriateinfor-
mationin orderto recovertherequiredprobabilityamplitudes.Wecanalsonotethatthere
is nothingsacredaboutchoosingto cancelthethecommonfactor|S#Ðwe couldequally
aswell cancelthefactor|S#, yielding

$S%| = $S%|+#$+| + $S%|"#$"|. (8.11)

Having carriedout thiscancellationprocedure,whathasreappearedis thestateof aquan-
tum systemi.e. |S# which was introducedearlier in a di" erentcontext, speciÞcallyas
beingnothingmore thana way of writing down all that we knew aboutthe stateof a
quantumsystem.There,thenotationhadnomathematicalsigniÞcance,but in themanner
in which it appearshere,it seemsto haveacquiredamathematicalmeaningof somekind.
The aim is to seewhat this meaningmight be, and in doing so, we will show that the
expressionfor |S#hasmany of thepropertiesthatwe associatewith expressinga vector
asasumof its components.

We begin by consideringtheprobabilityamplitudes$S%|S#themselves. These arecom-
plex numbersin generalfor arbitrary spindirections,(but they werereal in theparticular
Stern-Gerlachexampleusedabove),suchthattheirmodulussquared|$S%|S#|2 is theprob-
ability P(S%|S) of observingthespinto bein thestate|S%#giventhatit wasin thestate|S#.
In particular, $S|S#is theprobabilityamplitudeof observingthespinto bein thestate|S#
given that it wasin thestate|S#. This will have to beunity, i.e. P(S|S) = |$S|S#|2 = 1.
Thuswecanconcludethat

$S|S#= eiη (8.12)

whereη is an arbitrary phase. It turns out that this phasealways cancelsout in any
calculationof observablequantities,soit is conventionallysetto zero,andhence

$S|S#= 1. (8.13)

Thestate|S#is saidto benormalizedto unity. As aparticularcase,this lastresultimplies
that

$+|+#= 1. (8.14)
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We cannow considerthe probability amplitude$+|S#obtainedby replacingS%by + in
theaboveexpressionfor $S%|S#:

$+|S#= $+|+#$+|S#+ $+|"#$"|S#. (8.15)

Wehaveseenthatwecanput$+|+#= 1, sowehave

$+|"#$"|S#= 0 (8.16)

which hasto betrueno matterwhatthestate|S#happensto be,i.e. no matterwhatvalue
theprobabilityamplitude$"|S#is. Thusweconcludethat

$+|"# = 0. (8.17)

Similarly wecanshow that

$"|"# = 1 and $"|+#= 0. (8.18)

Thuswecansetupacomparison:

$+|+#= 1

$+|"# = 0

$"|"# = 1

$"|+#= 0

& '

& '

& '

& '

öu!
1 áöu1 = 1

öu!
2 áöu1 = 0

öu!
2 áöu2 = 1

öu!
2 áöu1 = 0

(8.19)

wherewehavechosentomakethecomparisonbetweentheprobabilityamplitudesandthe
innerproductof complex unit vectorsaswe aredealingwith probabilityamplitudesthat
are,in eneral,complex numbers.Thiscomparisonimpliesthefollowing correspondences:

|+#& ' öu1 |"# & ' öu2

$+| & ' öu!
1 $"| & ' öu!

2.
(8.20)

We know that $+|S# and $"|S# are both just complex numbers,so call them a and b
respectively. If wenow write

|S#= a|+#+ b|"# (8.21)

weestablishaperfectcorrespondencewith theexpression

v = a öu1 + b öu2. (8.22)

Onthebasisof thisresult,wearethentemptedto interprettheket|S#asavectorexpressed
asa linearcombinationof two orthonormalbasisvectors|±#. We canpushtheanalogy
furtherif weonceagainusethefactthat$S|S#= 1, sothat

$S|S#= 1 = $S|"#$"|S#+ $S|+#$+|S# (8.23)

On theotherhand,thetotal probabilityof observingthesystemin eitherof thestates|±#
mustaddup to unity, whichmeansthat

P(+|S) + P("| S) = |$+|S#|2 + |$"|S#|2 = 1. (8.24)

By comparingthelasttwo equations,andnotingthat

|$±|S#|2 = $±|S#$±|S#! (8.25)
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weconcludethat
$±|S#= $S|±#! . (8.26)

If wenow consider
$S%| = $S%|+#$+| + $S%|"#$"|

andusetheresult,Eq. (8.26),$±|S%#= $S%|±#! , wecanwrite thisas

$S%| = $+|S%#! $+| + $"|S%#! $"| (8.27)

or, expressedin termsof a%= $+|S%#andb%= $"|S%#, wehave

$S%| = a%!$+| + b%!$"| (8.28)

whichhasaperfectcorrespondencewith anordinaryvectoröv%in theform

v%!= a%!öu!
1 + b%!öu!

2. (8.29)

So the bra $S%| is itself a vector, a bra vector, which can be thoughtof as being just
thecomplex conjugateof thecorrespondingket vector|S%#. But while it is occasionally
usefulto think thisway, it is notstrictly truemathematically, andthiswayof viewing abra
vectorwill notbeemployedhere.Instead,aswill beshownshortly, aninterpretationof ket
vectorsascolumnvectorsleadsto theinterpretationof bravectorsasrow vectors.A more
mathematicalstandpointalsoleadsto interpretationof bravectorsasÔlinearfunctionalsÕ,
that is, a bra is a mathematicaloperatorthat actson a ket vector to producea complex
number.

Finally, to completethe correspondence,we note that the probability amplitude$S%|S#
canbewritten

$S%|S#= a%!a + b%!b (8.30)

whichcanbecomparedwith theinnerproductv%!áv, or writtenin themoreformalnotation:

(v%, v) = a%!a + b%!b (8.31)

which tells usthattheprobabilityamplitudecanbeconsideredasbeingsimply theinner
productof thetwo vectors|S%#and|S#, i.e.

$S%|S#= (|S%#, |S#). (8.32)

In otherwords,we have a perfectanalogybetweenthe two dimensionalcomplex vector
spaceformedby linear combinationsof the unit vectorsöu1 and öu2 discussedin Section
8.1anda complex vectorspaceconsistingof all thelinearcombinationsof thestates|±#.
Theket vectors|±#arereferredto asbasisstates, analogousto öu1 and öu2 beingreferred
to asbasisvectors.

Di" erentspinstatescanbeconstructedby forming linearcombinations|S#= a|+#+ b|"#
of thesebasisstates,with a andb beingallowedto rangeover all thecomplex numbers,
thoughwe have only beenlooking at linearcombinationswith realcoe! cients.By lim-
iting a andb to berealnumbers,we areconstructingstateswhosemeasuredcomponent
of spinall lie in thesameplane,which,with thesystemof axeswehavebeenusinghere,
is the XZ plane. If the coe! cientsa andb arecomplex, the state|S#representsa state
in which themeasuredcomponentS = S án is alonga direction ön thatpointsout of this
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plane,thoughwe will not attemptto prove this here(seeEq. (8.46)).So,any linearcom-
binationin which a andb areany complex numbersalsodeÞnesa possiblespinstateof
thespinhalf system.Thusall thepossiblelinearcombinationsof |±#, i.e. combinations
of theform a|+#+ b|"# wherea andb arecomplex numbers form acomplex vectorspace
known asthestatespaceof thesystem.

ThequantumstatevectorscanalsobeÔmultipliedÕtogetherÐtheinnerproductof thetwo
vectors|S%#and|S#is just theprobabilityamplitude$S%|S#. In particular, thebasisstates
arenormalizedto unity, i.e. they areunit vectors,andthey areorthogonalto eachother,
i.e. they form apair of orthonormalbasisstates.

Theterminologyoftenadoptedis to saythatthestatevector|S#= a|+#+ b|"# is aÔlinear
superpositionÕof thetwo states|±#. Theprobabilityamplitudesa = $+|S#andb = $"|S#
representÔhow muchÕof thestates|±#arecontainedwithin thestate|S#to theextentthat
|$±|S#|2 is theprobabilityof thez componentof spinbeingfoundto have thevalues± 1

2! .
Onedi" erencebetweenordinaryvectorsandquantumstatevectorsis the importanceof
theÔnormalizationconditionÕ,i.e. the requirementthat$S|S# = 1, which musthold true
giventheinterpretationof theinnerproductasa probabilityamplitude.But how canthis
bereconciledwith thestatementabove thatanylinearcombinationof thebasisstatesis a
possiblestateof thesystem?How canastatevectorsuchas|!S#= |+#+ |"# whichhasthe
property

$!S|!S#= 2 (8.33)

be a physically acceptablestatevectoras it seemsto be sayingthat the probability of
Þndingthesystemin thestate|!S#giventhatit is in thestate|!S#is 4, whichdoesnotmake
sense.But, if wedeÞneanew vector|S#by

|S#=
|!S#

"
$!S|!S#

=
1
(

2
|!S# (8.34)

then automatically|S# will have the requirednormalizationpropertyÐ it is said to be
normalizedto unity. So,rather thanabandoninggiving a physical interpretationof state
vectorswhich arenot normalizedto unity, theapproachadoptedis thatwe canmultiply
any statevector by any factor and say that it still representsthe samephysicalstate,
i.e. |S#and|!S#= a|S#, wherea is any complex number, representthesamephysicalstate.
However, it is only the normalizedstate|S# that shouldbe usedin any calculationsin
orderto becertainthatprobabilityis properlyaccountedfor.

This canbesummarizedin a table:
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Classicalvector Quantumstatevectorfor spin
half system

BasisVectors öu1, öu2 |+#, |"#

InnerProduct (v1, v2) = v!
1 áv2 (|S%#, |S#) = $S%|S#

Orthonormality öu!
1 áöu1 = öu!

2 áöu2 = 1
öu!

1 áöu2 = öu!
2 áöu1 = 0

$+|+#= $"|"# = 1

$+|"# = $"|+#= 0

Linear
combination

öv = aöu1 + böu2

a andb complex numbers
|S#= a|+#+ b|"#
a andb complex numbers

Normalisation Ñ $S|S#= 1

A More Detailed Analysis Oneof the importantpropertiesof vectorsis that two or
moreof themcanbecombinedasa ÔlinearcombinationÕto producea third. If we areto
considerquantumstatesasvectors,thenthis very basicpropertymustalsobepossessed
by quantumstates.In theabove,wehavenot reallyshown thatany linearcombinationof
thebasisstates|±#, doesindeedrepresentapossiblestateof thesystem,evenif werestrict
ourselves to the caseof the measuringspin componentsin the XZ plane. But a more
detailedargumentthanthat just presentedcanbeusedto strengthenthis conclusion.To
seehow thiscomesabout,wereturnto theaboveexpressionEq.(7.18)for theprobability
amplitude$Sf = 1

2! |Si = 1
2! #:

$Sf = 1
2! |Si = 1

2! #=$Sf = 1
2! |SI = 1

2! #$SI = 1
2! |Si = 1

2! #

+ $Sf = 1
2! |SI = " 1

2! #$SI = " 1
2! |Si = 1

2! #.
(8.35)

WecanÔcancelÕ$Sf = 1
2! | from thisexpressionandwrite

|Si = 1
2! # = |SI = 1

2! #$SI = 1
2! |Si = 1

2! #+ |SI = " 1
2! #$SI = " 1

2! |Si = 1
2! # (8.36)

In Section7.3,Eq.(7.33),thequantity$Sf = 1
2! |Si = 1

2! #wasshown to begivenby

$Sf = 1
2! |Si = 1

2! #= cos[(θ f " θi )/2]

with thephasefactorexp(i# ) put equalto unity, andwith ön and öm, thedirectionsof the
magneticÞelds,conÞnedto the XZ plane. Theprobabilityamplitudesfor thesystemto
passthroughtheintermediatestates|SI = ± 1

2! #, that is, $SI = ± 1
2! |Si = 1

2! #arelikewise
givenby

$SI = 1
2! |Si = 1

2! #= cos[12(θI " θi )]

$SI = " 1
2! |Si = 1

2! #= cos[12(θI + π " θi )] = " sin[1
2(θI " θi )].

(8.37)

sothatEq.(8.36)becomes

|Si = 1
2! #= cos[12(θI " θi )]|SI = + 1

2! #" sin[1
2(θI " θi )]|SI = " 1

2! #. (8.38)
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To furthersimplify things,wewill assumethatθI = 0, i.e. theöl vectoris in thezdirection.
In addition,wewill make thenotationalsimpliÞcationalreadyusedabovedeÞnedby

|Si = 1
2! #'| S#

|SI = ± 1
2! #'|±#

$SI = ± 1
2! |Si = 1

2! #'$±| S#

sothat|±#= |Sz = ± 1
2! #, andEq.(8.36)becomes

|S#= |+#$+|S#+ |"#$"|S#. (8.39)

or, usingEq.(8.37)
|S#= cos(12θi )|+#+ sin(1

2θi )|"#. (8.40)

Wearenow atthepointatwhichwecanbegin to supplyaninterpretationto thisequation.
Whatthisequationis sayingis thatthecombinationcos(12θi )|+#+sin(1

2θi )|"#, and|S#, both
representthesamethingÐtheatomicspinis in astatefor whichSi = 1

2! . In otherwords,
if wewerepresentedwith thecombination:

1
(

2
|+#+

1
(

2
|"# (8.41)

we immediatelyseethatcos(12θi ) = 1/
(

2 andsin(1
2θi ) = 1/

(
2, andhenceθi = 90) . Thus

themagneticÞeldis pointingin thedirection90) to thez direction,i.e. in thex direction,
andhencethespinstateof theatomis thestate|S#= |Sx = 1

2! #.

But what if we werepresentedwith thecombination2|+#+ 2|"#? Here,we cannotÞnd
any angleθi , soit appearsthatthis combinationis not a possiblestateof theatomicspin.
But wecanwrite thisas

2
(

2
#

1
(

2
|+#+

1
(

2
|"#

$
(8.42)

whichwecannow understandasrepresenting2
(

2|Sx = 1
2! #. Is 2

(
2|Sx = 1

2! #adi" erent
physicalstateof thesystemto |Sx = 1

2! #? Well, it is our notation,sowe cansaywhatwe
like, andwhat turns out to be preferableis to saythatα|S#describesthe samephysical
stateas|S#, for any valueof theconstantα. Thus,wecansaythat2|+#+2|"# is alsoastate
of the system,namely2

(
2|Sx = 1

2! #, which representsthe samephysical information
aboutthestateof thesystemas|Sx = 1

2! #.

Thusany combinationC+|+#+ C" |"# whereC± arereal numberswill alwaysrepresent
somestateof thesystem,in generalgivenby

"
C2

+ + C2
" |Si = 1

2! # (8.43)

where
Si = S áön (8.44)

andwhereön is aunit vectorin thedirectiondeÞnedby theangle

θi = 2 tan" 1

%
C"

C+

&
. (8.45)
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Conversely, given any stateof the system,we canwork out how to write it in the form
C+|+#+ C" |"#. Further, we canrepeatthe whole of the above discussionfor any other
choiceof theintermediatestates|SI = ± 1

2! #.

It is this lastfactthatastate|S#canbewrittenasthelinearcombinationor linearsuperpo-
sitionC+|+#+ C" |"# of two other states,analogousto Eq. (8.1) for thearbitraryvectorv,
andconverselythatany linearsuperpositionof statesis itself anotherstateis theessential
propertythat thesestatesneedto possessin orderfor themto be interpretedasvectors
belongingto somevectorvectorspace,speciÞcallyherea realvectorspace.

φ

θ

ön

X

Y

Z

Figure8.2: Polaranglesfor deÞningdirec-
tion of unit vectorön

In themoregeneralcaseof themagneticÞelds
vectorsnotall beingin theXZ plane,theprob-
ability amplitudes$±|S# will be, in general,
complex numbers. For instance,it can be
shown that the state|S# = |Sn = 1

2! #where
Sn = S á ön, and where ön = sinθ cosφöi +
sinθ sinφöj + cosθ ök is a unit vectororiented
in a directiondeÞnedby the sphericalpolar
anglesθ, φ, is givenby

|S#= cos(12θ)|+#+ eiφ sin(1
2θ)|"# (8.46)

Nevertheless,theargumentspresentedabove
continueto apply. In particular any linear
combinationC" |"#+C+|+#, whereC± arecom-
plex numbers,will be a possiblespin stateof an atom. But sincethe coe! cientsare
complex numbers,thevectorspace,or statespace,is a complex vectorspace.This more
generalcase,is what is usuallyencounteredin quantummechanicsandbelow, we will
assumethattheprobabilityamplitudesare,in general,complex.

8.3 The General Case of Many Intermediate States

The above resultswerebasedon the particularcaseof a spin half systemwhich could
passthroughtwo possibleintermediatespin states,andwasdeveloped,at leastin part,
by analogywith thetwo slit experimentwhereaparticlecouldpassthroughtwo possible
intermediatestatesdeÞnedby the positionsof the slits. Both theseexamplescan be
readilygeneralized.For instance,wecouldconsideraninterferenceexperimentin which
therearemultiple slits in theÞrstbarrier. Clearlytheargumentsusedin thetwo slit case
wouldapplyagainhere,with theÞnalresultfor theprobabilityamplitudeof observingan
electronstriking thescreenat positionx afterhaving setout from a sourceS beinggiven
by

$x|S#=
N'

n=1

$x|n#$n|S# (8.47)

wherewe have supposedthat thereareN slits in theÞrstbarrier, sothat theelectroncan
passthrough N intermediatestates. Likewise,if we repeattheStern-Gerlachexperiment
with spin1 atoms,wewouldÞndthattheatomswouldemergein oneor theotherof three
beamscorrespondingto Sz = " ! ,0, ! . More generally, if theatomshave spin s (where
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s = 0 or 1
2 or 1 or 3

2, . . . thenthey will emergein oneof a total of 2s+ 1 di" erentpossible
beamscorrespondingto Sz = " s! , or (" s + 1)! , or . . . , or (s " 1)! , or s! . We canthen
write

$S%|S#=
s'

n=" s

$S%|n#$n|S# (8.48)

i.e. the atomcanpassthrough2s + 1 intermediatestates,wherewe have written |n#for
thestatein which theatomhasa z componentof spinSz = n! 1. Whatwe want to do is
extract from thesetwo examplesa generalprescriptionthatwe canapply to any system
in orderto build up a quantummechanicaldescriptionof thatsystem. In orderto setthe
scenefor thisdevelopment,weneedto reconsideragain thegeneralfeaturesthatapplyto
theintermediatestatesappearingin theabove two expressions.Theimportantproperties
of theseintermediatestatesareasfollows:

1. Eachintermediatestaterepresentsa mutually exclusive possibility, that is, if the
systemis observed to be in oneof the intermediatestates,it is deÞnitelythe case
thatit will notalsobeobservedin any of theothers:theelectroncanbeobservedto
passthroughoneslit only, or a spin s atomwould beseento emergefrom a Stern-
Gerlachapparatusin onebeamonly. It is this mutualexclusivenessthatallows us
to write suchthingsas$"|+#= 0 or $+|+#= 1 andsoon.

2. The list of intermediate statescovers all possibilities: if thereare N slits in the
barrier, thentherewill beN intermediatestates|n#Ðthereareno otherslits for the
electronto passthrough. Likewise, if an atomwith spin s entersa Stern-Gerlach
apparatus,it emergesin oneof 2s + 1 possiblebeams. Thus the states|n#, n =
" s, " s+ 1, . . . , s" 1, s accountfor all thepossiblestatesthattheatomcanemerge
in.

3. Finally, theclaim is madethat theprobability amplitudefor Þndingthesystemin
thestate$φ| giventhatit wasin thestate|ψ#canbewrittenas

$φ|ψ#=
'

n

$φ|n#$n|ψ# (8.49)

whichallows usto write thearbitrarystate|ψ#as

|ψ#=
'

n

|n#$n|ψ# (8.50)

where$n|ψ#, theprobabilityamplitudeof Þndingthesystemin thestate|n#, given
that it wasin the state|ψ#, is now viewed asa ÔweightingÕfor the state|ψ# to be
observedin thestate|n#.

Theabove threepropertiesof intermediatestatesshows ushow to generalizetheresults
that were obtainedfor the two slit and spin half examplesusedto develop the ideas.
However, the ideasdevelopedought to be applicableto systemsother than thesetwo
possibilities.Thus,we needto extractout of whathasbeensaidsofar ideasthatcanbe

1Note,n is notnecessarilyanintegerhere.If s = 1
2 for instance,thenn will havethetwo possiblevalues

n = ± 1
2, andthestates| ± 1

2#arejust thestateswehaveearliercalled |±#.
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appliedto any physicalsystemsoasto generatea quantumdescriptionof sucha system.
Wedo thisby notingthesingularroleplayedin theabovediscussionof theÕintermediate
statesÕ.If wecanidentify suchintermediatestatesfor any physicalsystem,thenwearein
apositionto formulateaquantumdescriptionof suchasystem.

Thecharacteristicsof the intermediatestatesthatareof greatestimportancearethe fol-
lowing:

1. They representmutuallyexclusivealternatives,thatis, if ameasurementis made,a
systemis observedin only oneof thesepossibleintermediatestates;

2. Theintermediatestatescoverall possibilities,thatis, if ameasurementis made,the
systemis alwaysobservedto bein oneof theseintermediatestates;

3. If thesystemis initially preparedin someinitial state|ψ#, thentheprobabilityam-
plitudeof observingit in somearbitraryÞnalstate|φ#is givenby a sumof proba-
bility amplitudesof passingthrougheachof theseintermediatestates,in a manner
analogousto Eq.(8.48).

            

            " a +a

O" O

| " a#

" a +a

O "O

| + a#

Figure 8.3: O"
2 ion with the two

possiblepositionsof theelectron,cor-

respondingto thetwo states| ± a#.

Wewill now seehow theseideascanbeappliedto more
generalkinds of physical systems.To begin, we have
to setup theseintermediatestatesfor a given system.
So supposewe perform an exhaustiveseriesof mea-
surementsof someobservablepropertyof the system
Ðcall it Q. For example,we could determinethrough
which slits it is possiblefor an electronto passin the
two slit experimentabove,or thepossiblevaluesof the
Z componentof the spin of a particle,or the possible
valuesof thepositionof anelectrononanO"

2 ion, asin
theadjacentÞgure.We will give many moreexamples
later. Whatever thesystem,whatwe meanby exhaus-
tive is thatwedetermineall thepossiblevaluesthatthe
observedquantity Q might have. For instance,we de-
terminethat,in thetwo slit interferenceexperiment,the

electroncanpassthrough,(that is, beobserved to beat) thepositionof oneor theother
of thetwo slits,or thata spinhalf particlewould beobservedto have either of thevalues
Sz = ± 1

2! , andno othervalue.Or for theO"
2 ion, theelectroncanbefoundeitheron the

atomat positionx = " a or on theatomat position x = +a. In general,for anarbitrary
observableQ, let usrepresenttheseobservedvaluesby q1, q2, q3, . . .all of which will be
realnumbers.Of course,theremightbeotherobservablepropertiesof thesystemthatwe
might beableto measure,but for thepresentwe will supposethatwe only needconcern
ourselveswith just one.

In keepingwith theway thatwe developedtheideaof stateearlier, we thensaythatasa
resultof themeasurementproducing,for instance,theoutcomeq1, we thensaythat the
systemendsup in thestate|q1#, andsimilarly for all theotherspossibilities.Moreover,
thereis now the possibility, if the systemis initially preparedin the initial state|ψ#, of
observingit in any oneof thesestates|qn#, but onceagain, we areunableto predictwith
certaintywhich of thesestateswe will observe thesystemto be in Ðwe canonly assign
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a probability P(qn|ψ) of Þndingthe systemin the state|qn#given it wasin the state|ψ#.
Likewise, therewill be a probability P(φ|qn) of Þndingthe systemin the Þnalstate|φ#
giventhatit wasin thestate|qn#. It is at thispoint thatwereachtheresultthat,in asense,
deÞnesquantummechanics.If the possibility exists of Þndingthe systemin any of the
states|q1#, |q2#, . . . , thenaccordingto classical ideasof probability, we would besafein
assumingtheintuitive formula

P(φ|ψ) =
'

n

P(φ|qn)P(qn|ψ) Ñ a resultof classicalprobabilitytheory

i.e. the systemstartsin the state|ψ#, andhasthe probability P(qn|ψ) that it will endup
in the state|qn#, andonceit Ôarrives thereÕwe thenhave the probability P(φ|qn) that it
will then end up in the state|φ# given that it was in the state|qn#. Multiplying these
two probabilitieswill thengivetheprobabilityof thesystemstartingfrom |ψ#andpassing
through|qn#onits wayto theÞnalstate|φ#. Wethensumoverall thepossibleintermediate
states|qn#to give thetotal probabilityof arriving in thestate|φ#. However, whatis found
experimentallyis thatif thesystemis neverobservedin anyof theintermediatestates|qn#,
this probability is not givenby this classicalresultÐthemeasurementsshow evidenceof
interferencee" ects,whichcanonly beunderstoodif thisprobabilityis givenasthesquare
of aÔprobabilityamplitudeÕ.

Thus,we Þndwe mustwrite P(φ|ψ) = |$φ|ψ#|2, where$φ|ψ#is a complex number, gener-
ally referredto astheprobabilityamplitudeof Þndingthesystemin state|φ#giventhatit
wasin state|ψ#, andthisprobabilityamplitudeis thengivenby

$φ|ψ#=
'

n

$φ|qn#$qn|ψ# (8.51)

wherethe sumis over the probability amplitudesof the systempassingthroughall the
possiblestatesassociatedwith all thepossibleobservedvaluesof thequantityQ.

If wesquarethis resultweÞndthat

P(φ|ψ) = |$φ|ψ#|2 =
'

n

|$φ|qn#|2|$qn|ψ#|2 + crossterms

=
'

n

P(φ|qn)P(qn|ψ) + crossterms. (8.52)

Wenotethatthisexpressionconsists,in part,of theclassicalresultEqn.(8.3),but thereis,
in addition,crossterms. It is thesetermsthatareresponsiblefor the interferencee" ects
observed in the two slit experiment,or in the Stern-Gerlachexperiment. If we observe
which state|qn# the systemÔpassesthroughÕit is always found that theseinterference
termsarewashedout, reducingtheresultto theclassicalresultEqn.(8.3). This we have
seenin the caseof two slit interferencewhereinif the slit throughwhich the particle
passesis observed,thentheinterferencepatternon theobservationscreenis washedout.

Whatremainsto befoundis waysto calculatetheseÔprobability amplitudesÕ.We cango
alongwaytowardsdoingthisby recognizing,from apurelyphysicalperspective,thatthe
probabilityamplitudes$qm|qn#musthave thefollowing properties:

¥ $qm|qn# = 0 if m ! n. This amountsto stating that if the systemis in the state
|qn#, i.e. whereintheobservableQ is known to have thevalueqn, thenthereis zero
possibilityof Þndingit in thestate|qm#.
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¥ $qn|qn# = 1. This assertsthat if thesystemis in thestatefor which thequantityQ
hasthevalueqn, thenit is certainto befoundin thestatein which it hasthevalue
qn. Thusthestates{|qn#; n = 1,2, . . .} aremutuallyexclusive.

¥ Thestates{|qn#; n = 1,2, . . .} arealsoexhaustive in that they cover all thepossible
valuesthat could be observed of the observable Q. Thesestatesare said to be
completeÐsimply becausethey cover all possibilitiesÐandtheresultEqn.(8.51)
astheÔclosurerelationÕfor thesestates.

Thenweproposethefollowing setof ideasandconcepts:

1. $φ|ψ#= the probability amplitude of the systembeingfound in the state|φ#
giventhatit wasin state|ψ#.

2. |$φ|ψ#|2 = theprobabilityof thesystembeingfoundin thestate|φ#giventhat
it wasin state|ψ#.

3. Thestates{|qn#; n = 1,2, . . . } aremutuallyexclusive i.e.

$qm|qn#= δmn = 1 n = m

= 0 n ! m (8.53)

whereδmn is known astheKronecker delta. Thestates{|qn#; n = 1,2, . . . } aresaid
to beorthonormal.

ThisconditionsatisÞedby thesestatesis amathematicalexpressionof thephysical
fact that if the systemis in one of the states|qn#, then thereis no possibility of
Þndingit in someotherstate|qm#, m ! n, hence$qm|qn# = 0 while theprobability
of Þndingit in thestate|qn#mustbeunity.

4. Thefundamentallaw of quantummechanics,otherwiseknown astheclosure rela-
tion:

$φ|ψ#=
'

n

$φ|qn#$qn|ψ# (8.54)

tells us that the total probability amplitudeof Þndingthe systemin the Þnalstate
|φ#is just thesumof theprobabilityamplitudesof thesystemÔpassingthroughÕany
of thestates{|qn#; n = 1,2, . . . }. This is theÔsumoverpathsÕideaalludedto above.

It is at this point that we performthe ÔcancellationÕtrick which resultsin the statesbe-
ing expressedin termsof otherstatesas in the following, which ultimately leadsus to
interpretingthesestatesasvectors.

5. Thecompletenessrelations:

|ψ#=
'

n

|qn#$qn|ψ# (8.55)

$φ| =
'

n

$φ|qn#$qn| (8.56)

which tells usthateithertheinitial or Þnalstatescanbeexpressedasa linearcom-
binationof theintermediatestates{|qn#; n = 1,2, . . . }. This is astatementthatthese
statesarecompletein thatthereis enoughof themsuchthatanystateof thesystem
canbewritten in theabove form in termsof thesestates.
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6. $φ|ψ#= $ψ|φ#! .

7. Thenormalizationcondition:

$ψ|ψ#=
'

n

$ψ|qn#$n|ψ#=
'

n

|$qn|ψ#|2 = 1. (8.57)

Thislastresulttellsusthattheprobabilityof Þndingthesystemin any of thestates|n#adds
upto unity. Moreover, weknow that$qm|qn#= 0 if n ! msothatasystemin state|qn#can
neverbefoundin someotherstate|qm#. Consequently, thesetof states{|qn#; n = 1,2, . . . }
representa completesetof possiblealternative Þnalstates,completein thesensethatthe
total probability of endingup in any of the mutually exclusive possibleÞnalstates|qn#
addsup to unity Ðthereis nowhereelsefor thesystemto befound.

By a simpleextensionof theargumentspresentedin Section8.2 in thecaseof spinhalf
quantumstatesit is now possibleto show how theabove properties1 Ð7 arecompletely
analogousto thepropertiesof vectorsin a complex vectorspace.This mathematicalfor-
malismwill bedevelopedmorefully in Section8.5,but for thepresentwecansummarize
the essentialideasbasedon what we have alreadyput forward earlier. The importnat
pointsthenareasfollows:

1. Thecollectionof all thepossiblestatevectorsof aquantumsystemformsacomplex
vectorspaceknown asthestatespaceof thesystem.

2. TheprobabilityamplitudesareidentiÞedastheinnerproductof thesestatevectors.

3. The intermediatestates{|qn#; n = 1,2, . . . } form a completeorthonormalset of
basisstatesof this statespace,i.e. any statevector |ψ# canbe written asa linear
combinationof thesebasisstates.

4. Thenumberof basisstatesis known asthedimensionof thestatespace.

8.4 Constructing a State Space

Theideasdevelopedabovecannow beapplied to constructing astatespacefor aphysical
system.Thebasicideais asdiscussedin Section8.3 which enablesusto deÞnea setof
basisstatesfor the statespaceof the system.By establishinga setof basisstates,in a
sense,we Ôbringthestatespaceinto existenceÕ,andoncethis is done,we arefreeto use
all themathematicalmachineryavailable for analysingthepropertiesof thestatespaceso
constructed.Thequestioncanbeaskedasto whetheror not theideaspresentedin Section
8.3, admittedlyextractedfrom only a handfulof examples,canbe appliedwith success
to any othersystem.This is a questionthatcanonly beansweredby applyingthe rules
formulatedthereandconsideringtheconsequences.In Section8.7wewill discusswhere
theseideas,if naively applied,fail to work. Otherwise,theseideas,whenfully formed,
constitutethebasisof quantumphysics.

In accordancewith the ideasdevelopedin Section 8.3, constructinga statespacefor a
physicalsystemcanbecarriedout by recognizingthe intermediatestatesthroughwhich
asystemcanpassasit makes its way from someinitial stateto someobservedÞnalstate,
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aswasdonein thecaseof thetwo slit, or spinhalf systems.Thus,in thetwo slit example,
thetwo possibleintermediatestatesarethosefor which theparticleis to befoundat the
positionof eitherof thetwo slits. In thespinhalf example,thetwo intermediatestatesare
thosein which thespin is observedto have eitherof thetwo valuesSz = ± 1

2! ; theseare
thestateswehavebeencalling |±#. Theseintermediatestatesarestatesof thesystemthat
canbe identiÞedthroughan argumentbasedon the ideathat somephysical propertyof
thesystemcanbeexhaustively measuredto yield asetof valuesthatwe thenuseto label
acompletesetof basisstatesfor thestatespaceof thesystem.

Negatively Charged Ions Herethesystemis a moleculewhich hasacquiredanextra
electron,which canbe assumedto found only on any oneof the atomsmakingup the
molecule.This is, of course,an approximation.The electroncould be found anywhere
aroundtheatoms,or in thespacebetweentheatoms,in a way thatdependson thenature
of thechemicalbondbetweentheatoms.Herewe aremakinguseof a coarsenotionof
position,i.e. we areassumingthat theelectroncanbeobservedto resideon oneatomor
theother, andwe do not really careaboutexactly whereon eachatom theelectronmight
be found. The ideais bestillustratedby thesimpleexampleof theO"

2 ion in which the
electroncanbefoundon oneor theotherof theoxygenatoms(seeFig. (8.3)). If we let
x = ±a bethepositionsof thetwo atomicnuclei with respectto a point midway between
them,thenwe canusethesetwo possiblepositionsof the electronto label the possible
statesof thesystem.Thetwo statesarethen| " a#and| + a#. If theelectronis observed
to beon theoxygenatomat x = +a, thenit hasunit probabilityof beingobservedon the
atomat x = +a, but zeroprobability of beingobserved on the atomat x = " a. These
two statesrepresentmutuallyexclusivepossibilities,andsothey aredistinctorthonormal
states:

$+a| + a#= $"a| " a#= 1

$+a| " a#= $"a| + a#= 0 (8.58)

Thesetwo statesarealsocompletein that,within thelimits of ourmodel,thereis nowhere
elsefor the electronto be found Ðit is eitheron the atomat x = +a or on the atomat
x = " a. Thesetwo statesform a completesetof orthonormalbasisstatesfor the state
spaceof theion, sothatanystateof theion canbeexpressedin theform

|ψ#= c1| + a#+ c2| " a# (8.59)

wherec1, c2 arecomplex numbersÐthis is just thecompletenessrelationfor this system.
Likewise,any linear combinationof {| + a#, | " a#}will representa possible stateof the
ion. As therearetwo basisstates,thestatespacefor thesystemhasdimension2.

This kind of modelcanbegeneralizedto situationsinvolving di" erentgeometries,such
asatomsarrangedin a ring e.g.an ozoneion O"

3. In this case,the statespacewill be
spannedby threebasisstatescorrespondingto the threepossiblepositionsat which the
electroncanbeobserved. This model(andits generalizationsto anarbitrarynumberof
atomsarrangedin aring) is valuableasit givesriseto resultsthatserveasanapproximate
treatmentof angularmomentumin quantummechanics.
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Ammonia molecule Herethesystemis
theammoniamoleculeNH3 in which the
nitrogenatom is at the apex of a trian-
gular pyramid with the three hydrogen
atomsforming an equilateraltriangle as
the base. The nitrogenatomcanbe po-
sitionedeitherabove or below the plane
of the hydrogenatoms, thesetwo pos-
sibilities we take as two possiblestates
of the ammoniamolecule. (The N atom
canmove betweenthesetwo positionsby
ÔquantumÔtunnellingÕthroughthepoten-
tial barrier lying in the planeof the hy-
drogenatoms.)Onceagain, this is a state
spaceof dimension2.
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Figure 8.4: Ammonia moleculein two states

distingusishedby the position of the nitrogen

atom,eitherabove or below the planeof the hy-

drogenatoms,correspondingto the states | + l#

and| " l#respectively.

Spin Flipping In this case,we have a spin half particle (for instance)in a constant
magneticÞeld,sothetwo possiblestatesarethefamiliar spinup or spindown states.If,
in addition,we adda rotating magneticÞeldat right anglesto the constantÞeld, there
arisesa time dependentprobabilityof thespinßippingfrom oneorientationto theother.
As thespinup andspindown statesareof di" erentenergies,this representsa changein
energy of theparticle,a changethatcanbedetected,andis thebasisof theelectronspin
andnuclearmagneticresonanceimagingmuchusedin medicalwork. Obviously this is a
statespaceof dimensiontwo.

The Qubit Any two statesystemcanbe usedto representthe quantumversionof a
binarynumbers:spinup andspindown, anatomexcitedor not, andsoon. Overall the
two statescanberepresentedby |0#and|1#, correspondingto the two binarynumbers0
and1. A linearcombination

|ψ#= c0|0#+ c1|1#.

canbeformedwhich representsthepossibilityof a memoryregisteringa bit of informa-
tion, not aseithera 0 or a 1, which is all thatcanhappenclassically, but simultaneously,
registeringbothpossibilitiesof 0 or 1. Sucha stateis known asa qubit. Obviously, the
statespaceis of dimensiontwo,andmuchthatwehavesaidaboveaboutspinhalf systems
applies.Quantumcomputationtheninvolvesmanipulatingthewholestate|ψ#, which, in
e" ect,amountsto performingtwo calculationsat once,di" eringby the initial settingof
the memory bit. The ideaintroducedabove canbe readily extended.Thus, if we have
two two level atoms,we have suchpossibilitiesas |00#, |01#, |10#, and |11# where,for
instance,|10# is the statein which the Þrstatomis in its excitedstateandthe secondis
in its groundstate.Obviously, thestate|00#representsthenumberzero,|01#thenumber
one,|10#thenumbertwo, and|11#thenumberthree.Wenow havetwo qubits,andastate
spaceof dimensionfour, andwecansetup linearcombinationssuchas

|ψ#= c00|00#+ c01|01#+ c10|10#+ c11|11# (8.60)

andwecanthenperformcalculationsmakinguse,simultaneously, of four di" erentpossi-
blevaluesfor whateverquantitythestatesareintendedto represent.With threeatoms,or



Chapter 8 Vector Spaces in Quantum Mechanics 94

four andsoon, thestatespacebecomesmuchlarger: of dimension2N in factwhereN is
thenumberof qubits,andthebasisstatesrepresentthenumbersrangingfrom 0 to 2N " 1
in binarynotation.

Benzene Molecule An example of
quite a di" erentcharacteris that of the
benzene molecule, illustrated in Fig.
8.5. The two statesof the moleculeare
distinguishedby the positioning of the
double bonds betweenpairs of carbon
atoms.Themolecule,at leastwith regard
to the arrangementsof doublebondscan
be found in two di" erent stateswhich,
for wantof abettername,wewill call |α#
and |β#. The statespaceis thereforeof
dimension2, andanarbitrarystateof the
moleculewouldbegivenby

|ψ#= a|α#+ b|β#. (8.61)

|α#

|β#

Figure 8.5: Two arrangementsof the

doublebondsin a benzenemoelcule cor-

respondingto two states|α#and|β#.

All the examplesgiven above yield statespacesof Þnite dimension. Much the same
argumentcan be appliedto constructstatespacesof inÞnite dimension. A coupleof
examplesfollow.

The Tight-Binding Model of a Crystalline Metal The examplesgiven above of an
electronbeingpositionedon oneof a (Þnite)numberof atomscanbereadilygeneralized
to a situationin which thereareaninÞnitenumberof suchatoms.This is not a contrived
modelin any sense,asit is a goodÞrstapproximationto modellingthepropertiesof the
conductionelectronsin a crystallinesolid. In the free electronmodelof a conducting
solid, theconductionelectronsareassumedto beableto move freely (andwithout mu-
tual interaction)throughthecrystal,i.e. thee" ectsof thebackgroundpositive potentials
of the positive ions left is ignored. A further developmentof this model is to take into
accountthefact that theelectronswill experiencesomeattractionto theperiodicallypo-
sitionedpositive ions,andsotherewill bea tendency for theelectronsto befoundin the
neighbourhoodof theseions. The resultantmodelÐwith the basisstatesconsistingof
a conductionelectronbeingfound on any oneof the ion sitesÐis obviously similar to
theoneabove for themolecularion. Herehowever, thenumberof basisstatesis inÞnite
(for an inÞnitecrystal),so the statespaceis of inÞnitedimension.Representingthe set
of basisstatesby {|n#,n = 0,±1,±2, . . . } wherena is thepositionof thenth atom,anda
is the separationbetweenneighbouringatoms,thenany stateof the systemcanthenbe
writtenas

|ψ#=
+*'

n="*

cn|n#. (8.62)

By taking into accountthefact that theelectronscanmake their way from anion to one
of its neighbours,muchof thebandstructureof semiconductingsolidscanbeobtained.
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Free Particle We can generalizethe preceding model by supposingthat the spacing
betweentheneighbouringatomsis allowed to go to zero,so that thepositionsat which
theelectroncanbefoundbecomecontinuous.Thisthenactsasamodelfor thedescription
of a particlefree to move anywherein onedimension.In setting up this model,we Þnd
thataswell astherebeinganinÞnitenumberof basisstatesÐsomethingwehavealready
encounteredÐwe seethat thesebasisstatesarenot discrete,i.e. a particleat positionx
will bein thebasisstate|x#, andasx canvary continuouslyover therange"* < x < * ,
therewill bea non-denumerablyinÞnite,that is, a continuousrangeof suchbasisstates.
As aconsequence,thecompletenessrelationoughtto bewrittenasanintegral:

|ψ#=
( +*

"*
|x#$x|ψ#dx. (8.63)

Thestates|x#and|x%#will beorthonormalif x ! x%, but in orderto beableto retainthe
completenessrelationin theform of anintegral, it turnsout thatthesebasisstateshave to
have aninÞnitenorm. However, thereis a sensein which we cancontinueto work with
suchstates,aswill bediscussedin Section8.6.

Particle in an Infinitely Deep Potential Well We saw in Section5.3 that a particle
of massm in an inÞnitely deeppotentialwell of width L can have the energies En =
n2π2! 2/2mL2 wheren is a positive integer. This suggeststhat the basisstatesof the
particle in the well be the states|n# suchthat if the particle is in state|n#, then it has
energy En. Theprobabilityamplitudeof Þndingtheparticleatposition x whenin state|n#
is then$x|n#which, from Section5.3wecanidentify with thewave functionψn, i.e.

ψn(x) = $x|n#=

)
2
L

sin(nπx/L) 0 < x < L

= 0 x < 0, x > L. (8.64)

Thestatespaceis obviously of inÞnitedimension.

It hasbeenpointedout beforethat a statespacecanhave any numberof setsof basis
states,i.e. thestates|n# introducedheredo not form thesolepossiblesetof basisstates
for thestatespaceof this system.In this particularcase,it is worthwhilenoting thatwe
couldhave usedasthebasestatesthestateslabelledby thepositionof theparticlein the
well, i.e. thestates|x#.

As we have seen,thereare an inÞnite numberof suchstateswhich in a way is to be
expectedaswe have alreadyseenthat the statespaceis of inÞnitedimension. But the
di" erencebetweenthissetof statesandthesetof states|n#is thatin thelattercase,these
statesarediscrete,i.e. they canbe labelledby the integers,while the states|x#arecon-
tinuous,they are labelledby the continuousvariablex. Thus,somethingnew emerges
from this example: for statespacesof inÞnitedimension,it is possibleto have a denu-
merablyinÞnite numberof basisstates(i.e. the discretestates|n#) or non-denumerably
inÞnitenumberof basisstates(i.e. thestates|x#.) This featureof statespacesof inÞnite
dimension,plusothers,arediscussedseparatelybelow in Section8.6.

A System of Identical Photons Many otherfeaturesof aquantumsystemnotrelatedto
thepositionor energy of thesystemcanbeusedasameansby whichasetof basisstates
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canbe setup. An importantexampleis onein which the systemconsistsof a possibly
variablenumberof identicalparticles.Oneexampleis a ÔgasÕof photons,all of thesame
frequency andpolarization.Sucha situationis routinelyachievedin thelaboratoryusing
suitably constructedhollow superconductingmetallic cavities designedto supportjust
onemode(i.e.asinglefrequency andpolarization)of theelectromagneticÞeld.Thestate
of theelectromagneticÞeldcanthenbecharacterizedby thenumbern of photonsin the
Þeldwhich canrangefrom zeroto positive inÞnity, sothat thestatesof theÞeld(known
asnumberstates)canbewritten |n#with n = 0,1,2, . . .. Thestate|0#is oftenreferredto
asthevacuumstate.Thesestateswill then constituteacomplete,orthonormalsetof basis
states(calledFockor numberstates),i.e.

$n|m#= δnm (8.65)

andasn canrangeupto inÞnity, thestatespacefor thesystemwill beinÞnitedimensional.
An arbitrarystateof thecavity Þeldcanbethenbewritten

|ψ#=
*'

n=0

cn|n# (8.66)

sothat|cn|2 will betheprobabilityof Þndingn photonsin theÞeld.In termsof thesebasis
states,it is possibleto describetheprocessesin which particlesarecreatedor destroyed.
For instanceif thereis asingleatomin anexcitedenergy statein thecavity, andthecavity
is in thevacuumstate|0#, thenthestateof thecombinedatomÞeldsystemcanbewritten
|e,0#, wheretheeindicatesthattheatomis in anexcitedstate.Theatomcanlaterlosethis
energy by emittingit asaphoton,sothatatsomelatertime thestateof thesystemwill be
a|e,0#+ b|g,1#, wherenow thereis thepossibility, with probability|b|2, of theatombeing
foundin its groundstate,andaphotonhaving beencreated.

8.5 GeneralMathematical Description of a Quantum Sys-
tem

It wasshown in precedingSectionsthatthemathematicaldescriptionof thissumof prob-
ability amplitudesadmitsaninterpretationof thestateof thesystemasbeinga vectorin
a complex vectorspace,thestatespaceof thesystem.It is this mathematicalpicturethat
is summarizedherein thegeneralcaseintroducedin theimmediatelyprecedingSection.
This ideathat thestateof a quantumsystem is to beconsidereda vectorbelongingto a
complex vectorspace,which we have developedherein the caseof a spin half system,
andwhich hasits roots in the sumover pathspoint of view, is the basisof all of mod-
ernquantummechanicsandis usedto describeany quantummechanicalsystem.Below
is a summaryof the main pointsasthey areusedfor a generalquantumsystemwhose
statespacesareof arbitrarydimension(includingstatespacesof inÞnitedimension).The
emphasishereis on themathematicalfeaturesof thetheory.

8.5.1 State Space

We have indicateda numberof timesthat in quantummechanics,thestateof a physical
systemis representedby avector belongingto acomplex vectorspaceknown asthestate
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spaceof thesystem.Herewe will give a list of thedeÞningconditionsof a statespace,
thoughwewill notbeconcerningourselvestoomuchwith theformalities.Thefollowing
deÞnitionsandconceptssetup thestatespaceof aquantumsystem.

1. Every physical stateof a quantumsystemis speciÞedby a vector called a state
vector, ket vector, or sometimesjust stateand written | . . .# where . . . is a label
specifyingthe physical information known aboutthe state. An arbitrary stateis
written |ψ#, or |φ#andsoon. Thesetof all statevectorsdescribingagivenphysical
systemformsa complex vectorspace(actuallya Hilbert space,seeSec.8.5.2)H
alsoknown asthestatespaceor ket spacefor thesystem.

2. Every linearsuperpositionof two or morestatevectors|φ1#, |φ2#, |φ3#, . . . , is alsoa
stateof thequantumsystemi.e. thestate|ψ#givenby

|ψ#= c1|φ1#+ c2|φ2#+ c3|φ3#+ . . .

is astateof thesystemfor all complex numbersc1, c2, c3, . . . .

Theselasttwo pointsamountto sayingthateveryphysicalstateof asystemis represented
by a vectorin thestatespaceof thesystem,andevery vectorin thestatespacerepresents
a possiblephysicalstateof thesystem.To guaranteethis, thefollowing conditionis also
imposed:

3. If a stateof thesystemis representedby a vector|ψ#, thenthesamestateis repre-
sentedby thevectorc|ψ#wherec is any non-zerocomplex number.

Finally, we needthe conceptof a setof basisstates,andof the dimensionof the state
space.

4. A setof vectors{|ϕ1#, |ϕ2#, |ϕ3#, . . . } is said to form a basisfor the statespaceif
every stateof the quantumsystemcanbe representedasa linear superpositionof
the|ϕi#Õs i.e. for any state|ψ#wecanwrite

|ψ#=
'

i

ci |ϕi#.

The setof vectors{|ϕi#, i = 1,2, . . . } aresaidto spanthe vectorspace.The vec-
tors arealsotermedthe basestatesfor the vectorspace.They arealsosaidto be
complete. What this means,mathematically, is that for every state|φ#say, at least
oneof theinnerproducts$ϕn|φ#will benon-zero,or conversely, theredoesnotexist
a state|ξ#for which $ϕn|ξ# = 0 for all the basisstates|ϕn#. Completenessclearly
meansthatno morebasisstatesareneededto describeany possiblephysicalstate
of asystem.

For example,returningto thespinhalf system,thetwo states|±#areall that is neededto
describeany stateof thesystem,i.e. thereareno spinstatesthatcannotbedescribedin
termsof thesebasisstates.Thus,thesestatesaresaidto becomplete.
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5. The minimum numberof vectorsneededto form a completesetof basisstatesis
known asthedimensionof thestatespace.[In many, if not mostcasesof interest
in quantummechanics,thedimensionof thestatespaceis inÞnite.]

It shouldbenotedthat thereis an inÞnitenumberof possiblesetsof basisstatesfor any
statespace.Theargumentspresentedaboveby whichwearriveatasetof basisstates(or
intermediatestates)servesasa physically motivatedstartingpoint to constructthestate
spacefor the system.But oncewe have deÞnedthe statespacein this way, thereis no
reasonwhy wecannot,at leastmathematically, constructothersetsof basisstates.These
basisstatesthatwe startwith areparticularlyusefulasthey have an immediatephysical
meaning;this might not bethecasefor anarbitrarybasisset. But thereareothermeans
by which otherphysically meaningfulbasisstatescanbedetermined:oftenthechoiceof
basisstatesis suggestedby the physics(suchasthe setof eigenstatesof an observable,
seeChapter9).

8.5.2 Probability Amplitudes and the Inner Product of State Vectors

We obtaineda numberof propertiesof probability amplitudeswhenlooking at thecase
of a spinhalf system.Someof theresultsobtainedthere,anda few morethatwerenot,
aresummarizedin thefollowing.

If |φ#and|ψ#areany two statevectorsbelongingto thestatespaceH , then

1. $φ|ψ#, a complex number, is the probability amplitudeof observingthe systemto
bein thestate|φ#giventhatit is in thestate|ψ#.

2. Theprobabilityof observingthesystemto be in thestate|φ#giventhat it is in the
state|ψ#is |$φ|ψ#|2.

Theprobabilityamplitude$φ|ψ#, canthenbeshown to have theproperties

3. $φ|ψ#= $ψ|φ#! .

4. ($φ|{c1|ψ1#+ c2|ψ2#}= c1$φ|ψ1#+ c2$φ|ψ2#wherec1 andc2 arecomplex numbers.

5. $ψ|ψ#+ 0. If $ψ|ψ#=0 then|ψ#= 0, thezerovector.

This laststatementis relatedto thephysically reasonablerequirementthattheprobability
of a systembeing found in a state|ψ# given that it is in the state|ψ# hasto be unity,
i.e. |$ψ|ψ#|2 = 1 which meansthat $ψ|ψ# = exp(iη). We now chooseη = 0 so that
$ψ|ψ# = 1, which is biggerthanzero. But recall that any multiple of a statevectorstill
representsthesamephysicalstateof thesystem,i.e. |!ψ# = a|ψ#still representsthesame
physical stateas|ψ#. However, in this case,$!ψ|!ψ# = |a|2 which is not necessarilyunity,
but is is certainlybiggerthanzero.

6. Thequantity
*

$ψ|ψ#is known asthelengthor normof |ψ#.

7. A state|ψ#is normalized,or normalizedto unity, if $ψ|ψ#= 1.



Chapter 8 Vector Spaces in Quantum Mechanics 99

Normalizedstatesarestatesfor which probability is properly taken into account. It is
mathematicallyconvenientto permittheuseof stateswhosenormsarenotequalto unity,
but it is necessaryin orderto make useof theprobability interpretationto dealonly with
thatstatewhich hasnormof unity. Any statethatcannotbenormalizedto unity (i.e. it is
of inÞnitelength)cannotrepresentaphysicallyacceptablestate.

8. Two states|φ#and|ψ#areorthogonalif $φ|ψ#= 0.

The physical signiÞcanceof two statesbeing orthogonalshouldbe understood:for a
systemin a certainstate,thereis zero probability of it being observed in a statewith
which it is orthogonal.In this sense,two orthogonalstatesareasdistinctasit is possible
for two statesto be.

Finally, asetof orthonormalbasisvectors{|ϕn#; n = 1,2, . . . } will have theproperty

9. $ϕm|ϕn#= δmn whereδmn is known astheKroneckerdelta,andequalsunity if m = n
andzeroif m ! n.

All the above conditionssatisÞedby probability amplitudeswereto a greateror lesser
extentphysicallymotivated,but it neverthelessturnsoutthattheseconditionsareidentical
to the conditionsthat areusedto deÞnethe inner productof two vectorsin a complex
vectorspace,in this case,the statespaceof the system,i.e. we could write, using the
usualmathematicalnotationfor an inner product,$φ|ψ# = (|φ#, |ψ#). The statespaceof
a physical systemis thus more than just a complex vector space,it is a vector space
on which thereis deÞnedan inner product,andso is morecorrectly termeda complex
ÔinnerproductÕspace.However, it is usuallyrequiredin quantummechanicsthatcertain
convergency criteria,deÞnedin termsof thenormsof sequencesof vectorsbelonging to
thestatespace,mustbesatisÞed.Thisis notof any concernfor spacesof Þnitedimension,
but areimportantfor spacesof inÞnitedimension.If thesecriteriaaresatisÞedthenthe
statespaceis saidto bea Hilbert space.Thusratherthanreferringto thestatespaceof a
system,referenceis madeto theHilbert spaceof thesystem.

It is importantto recognizethat all the vectorsbelongingto a Hilbert spacehave Þnite
norm, or, putting it anotherway, all the statevectorscanbe normalizedto unity Ðthis
stateof a" airsis physicallynecessaryif wewantto beableto applytheprobabilityinter-
pretationin a consistentway. However, aswe shall see,we will encounter stateswhich
do not have a Þnitenormandhenceneitherrepresentphysically realizablestates,nor do
they belongto thestateor Hilbert spaceof thesystem.Nevertheless,with propercarere-
gardingtheiruseandinterpretation,suchstatesturnout to beessential,andplayacrucial
role throughoutquantummechanics.Recognizingthataprobabilityamplitudeis nothing
but an inner producton the statespaceof the system,leadsto a moregeneralway of
deÞningwhatis meantby abravector. The following discussionemphasizesthefactthat
a bra vector, while it sharesmany characteristicesof a ket vector, is actuallya di" erent
mathematicalentity.

Bra Vectors

Wehaveconsistentlyusedthenotation$φ|ψ#to representaprobabilityamplitude,but we
have justseenthatthisquantityis in factnothingmorethantheinnerproductof two state
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vectors,which canbe written in a di" erentnotation,(|φ#, |ψ#), that is morecommonly
encounteredin puremathematics.But the inner productcanbe viewed in anotherway,
which leadsto anew interpretationof theexpression$φ|ψ#, andtheintroductionof anew
classof statevectors.If weconsidertheequation

$φ|ψ#= (|φ#, |ψ#) (8.67)

andÔcancelÕthe|ψ#, wegettheresult

$φ| ¥ = (|φ#, ¥) (8.68)

wheretheÔ¥Õis inserted,temporarily, to remindusthatin orderto completetheequation,
a ket vectorhasto be inserted. By carryingout this procedure,we have introduceda
new quantity$φ| which is known asa bra or bra vector, essentiallybecause$φ|ψ# looks
like quantitiesenclosedbetweena pair of Ôbra(c)ketsÕ.It is a vectorbecause,ascanbe
readilyshown, thecollectionof all possiblebrasform avectorspace.For instance,by the
propertiesof theinnerproduct,if

|ψ#= a1|ϕ1#+ a2|ϕ2# (8.69)

then

(|ψ#, ¥) = $ψ| ¥ = (a1|ϕ1#+ a2|ϕ2#, ¥) (8.70)

= a!
1(|ϕ1#, ¥) + a!

2(|ϕ2#, ¥) = a!
1$ϕ1| ¥ + a!

2$ϕ2| ¥ (8.71)

i.e.,droppingtheÔ¥Õsymbols,wehave

$ψ| = a!
1$ϕ1| + a!

2$ϕ2| (8.72)

sothata linearcombinationof two brasis alsoabra,from whichfollows(afterabit more
work checkingthat theotherrequirementsof a vectorspacearealsosatisÞed)theresult
that the setof all brasis a vectorspace.Incidentally, this last calculationabove shows,
onceagain,thatif |ψ#= a1|ϕ1#+ a2|ϕ2#thenthecorrespondingbrais $ψ| = a!

1$ϕ1|+ a!
2$ϕ2|.

So,in asense,thebravectorsaretheÔcomplex conjugatesÕof theket vectors.

Thevectorspaceof all bravectorsis obviously closelylinked to thevectorspaceof all
theketsH , andis in factusuallyreferredto asthedualspace,andrepresentedby H ! . To
eachketvector|ψ#belongingto H , thereis thenanassociatedbravector$ψ| belongingto
thedualspaceH ! . However, thereverseis notnecessarilytrue: therearebravectorsthat
donotnecessarilyhaveacorrespondingketvector, andthereinliesthedi" erencebetween
brasandkets. It turnsout that the di" erenceonly mattersfor Hilbert spacesof inÞnite
dimension,in whichcasetherecanarisebravectorswhosecorrespondingketvectoris of
inÞnitelength,i.e. hasinÞnitenorm,andhencecannotbenormalizedto unity. Suchket
vectorscanthereforeneverrepresentapossiblephysicalstateof asystem.But theseissues
will notarisehere,sowill notbeof any concern.Thepoint to betakenaway from all this
is that a bra vectoris not the samekind of mathematicalobjectasa ket vector. In fact,
it hasall theattributesof anoperatorin thesensethat it actson a ket vectorto produce
a complex number, this complex numberbeing given by the appropriateinner product.
This is in contrastto themoreusualsortof operatorsencounteredin quantummechanics
that act on ket vectorsto produceotherket vectors. In mathematicaltexts a bra vector
is usuallyreferredto asa ÔlinearfunctionalÕ.Nevertheless,in spiteof themathematical
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distinctionthatcanbemadebetweenbraandketvectors,thecorrespondencebetweenthe
two kindsof vectors is in mostcircumstancessocompletethata bravectorequallywell
representsthestateof a quantumsystemas a ket vector. Thus,we cantalk of a system
beingin thestate$ψ|.

We can summarizeall this in the generalcaseas follows: The inner product(|ψ#, |φ#)
deÞnes,for all states|ψ#, the setof functions(or linear functionals) (|ψ#, ). The linear
functional (|ψ#, ) mapsany ket vector |φ# into the complex numbergiven by the inner
product(|ψ#, |φ#).

1. Thesetof all linearfunctionals(|ψ#, ) formsa complex vectorspaceH ! , thedual
spaceof H .

2. Thelinearfunctional(|ψ#, ) is written$ψ| andis known asabravector.

3. To eachket vector|ψ# therecorrespondsa bra vector$ψ| suchthat if |φ1# ' $φ1|
and|φ2#' $φ2| then

c1|φ1#+ c2|φ2#' c!
1$φ1| + c!

2$φ2|.

8.6 State Spaces of Infinite Dimension

Someexamplesof physicalsystemswith statespacesof inÞnitedimensionwereprovided
in the previous Section. In theseexamples,we wereable to proceed,at leastas far as
constructingthe statespacewasconcerned,largely aswasdonein the caseof Þnitedi-
mensionalstatespaces.However, further investigation shows that therearefeaturesof
themathematics,andthecorrespondingphysicalinterpretationin theinÞnitedimensional
casethatdo not arisefor systemswith Þnitedimensionalstatespaces.Firstly, it is possi-
ble to constructstatevectorsthatcannotrepresenta stateof thesystemandsecondly, the
possibilityarisesof thebasisstatesbeingcontinuouslyinÞnite.This latterstateof a" airs
is not at all a rareandspecialcaseÐit is just thesituationneededto describethemotion
of aparticlein space,andhencegivesriseto thewave function,andwavemechanics.

8.6.1 States of Infinite Norm

To illustratetheÞrstof thedi! cultiesmentionedabove, considertheexampleof a sys-
tem of identicalphotonsin the state|ψ# deÞnedby Eq. (8.66). As the basisstatesare
orthonormalwehave for $ψ|ψ#

$ψ|ψ#=
*'

n=0

|cn|2 (8.73)

If the probabilities|cn|2 form a convergent inÞniteseries,thenthe state|ψ# hasa Þnite
norm,i.e. it canbenormalizedto unity. However, if this seriesdoesnot converge,thenit
is notpossibleto supplyaprobabilityinterpretationto thestatevectorasit is notnormal-
izableto unity. For instance,if c0 = 0 andcn = 1/

(
n,n = 1,2, . . ., then

$ψ|ψ#=
*'

n=1

1
n

(8.74)
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which is a divergentseries,i.e. this statecannotbe normalizedto unity. In contrast,if
cn = 1/n,n = 1,2, . . ., then

$ψ|ψ#=
*'

n=0

1
n2

=
π2

6
(8.75)

whichmeanswecannormalizethis stateto unity by deÞning

|÷ψ#=

(
6
π

|ψ#. (8.76)

Thisshows thattherearesomelinearcombinationof statesthatdonot representpossible
physical statesof the system. Suchstatesdo not belongto the Hilbert spaceH of the
system,i.e. the Hilbert spaceconsistsonly of thosestatesfor which the coe! cientscn

satisfyEq. (8.73)2. This is a new feature: thepossibilityof constructingvectorsthatdo
not representpossiblephysical statesof the system. It turnsout that somevery useful
basisstateshave thisapparentlyundesirableproperty, aswewill now consider.

8.6.2 Continuous Basis States

If we now turn to theexample in theprevioussectionof theinÞnitecrystal,we cancon-
siderwhathappensif we supposethat theseparationbetweentheneighbouringatomsin
thecrystalgoesto zero,sothattheelectroncanbefoundanywhereoverarangeextending
from "* to * . This, in e" ect, is the continuouslimit of the inÞnitecrystalmodel just
presented,andrepresentsthepossiblepositionsthata particlefree to move anywherein
onedimension,the X axissay, canhave. In this case,we could label thepossiblestates
of theparticleby its X position,i.e. |x#, wherenow, insteadof having thediscretevalues
of the crystalmodel,the positioncannow assumeany of a continuousrangeof values,
"* < x < * . It would seemthat we could thenproceedin the sameway aswe have
donewith thediscretestatesabove,but it turnsout thatsuchstatescannotbenormalized
to unity andhencedo not represent(except in an idealisedsense)physically allowable
statesof thesystem.

The aim hereis to try to develop a descriptionof the possiblebasisstatesfor a particle
that is not limited to beingfound only at discretepositionson the X axis. After all, in
principle,wewouldexpectthataparticlein freespacecouldbefoundatany positionx in
therange"* < x < * . We will getat this descriptionby a limiting procedurewhich is
notatall mathematicallyrigorous,but neverthelessyieldsresultsthatturnout to bevalid.

2Notehowever, thatwecanstill construct abravector

$ψ| =
n=*'

n=0

c!
n$n|

without placingany restrictions on the convergenceof the cnÕs suchasthe onein Eq. (8.73). The corre-
spondingketcannotthenrepresentapossiblestateof thesystem,but suchinnerproductsas$ψ|φ#where|φ#
is a normalizedket canstill beevaluated.Thepoint beingmadehereis that if H is of inÞnitedimension,
thedualspaceH ! canalsoincludebravectorsthatdonotcorrespondto normalizedketvectorsin H , which
emphasizesthefactthatH ! is deÞnedasasetof linearfunctionals,andnotsimplyasaÔcomplex conjugateÕ
versionof H . Thedistinctionis importantin somecircumstances,but we will not have to dealwith such
cases.
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Supposewereturnto thecompletenessrelationfor thestates|na#for theonedimensional
crystal

|ψ#=
+*'

n="*

|na#$na|ψ#. (8.77)

If wenow puta = $x andna = xn, BUT wewrite |na#=
(

a|xn#, thisbecomes

|ψ#=
+*'

n="*

|xn#$xn|ψ#$x (8.78)

wherenow
$xn|xm#=

δnm

a
(8.79)

i.e.eachof thestates|xn#is notnormalizedto unity, but wecanneverthelessidentify such
astateasbeingthatstatefor which theparticleis atpositionxn Ðrecallif astatevectoris
multiplied by aconstant,it still representsthesamephysicalstateof thesystem.

If weput to onesideany concernsaboutthemathematicallegitimacy of whatfollows,we
cannow take thelimit $x ' 0, i.e. a ' 0, thenEq. (8.78)canbewritten asanintegral,
i.e.

|ψ#=
( +*

"*
|x#$x|ψ#dx (8.80)

Wecanidentify thestate|x#with thephysicalstateof a" airsin whichtheparticleis at the
positionx, andtheexpressionEq. (8.80)is consistentwith thecompletenessrequirement
i.e. thatthestates{|x#, "* < x < *} form a completesetof basisstates,sothatany state
of theoneparticlesystemcanbewritten asa superpositionof thestates|x#, thoughthe
fact that the label x is continuoushasforcedus to write thecompletenessrelationasan
integral. Thedi! culty with this procedureis that thestates|x#areno longernormalized
to unity. This we canseefrom Eq. (8.79)which tells us that$x|x%#will vanishif x ! x%,
but for x = x%weseethat

$x|x#= lim
a' 0

1
a

= * (8.81)

i.e.thestate|x#hasinÞnitenorm! Thismeansthatthereis apriceto payfor trying to setup
themathematicsin sucha mannerasto producethecompletenessexpressionEq. (8.80),
which is thatwe areforcedto introducebasisstateswhich have inÞnitenorm,andhence
cannotrepresenta possiblephysical stateof theparticle! Nevertheless,providedcareis
taken, it is still possibleto work with thesestatesasif they representthestatein which
the particle is at a deÞniteposition. To seethis, we needto look at the orthonormality
propertiesof thesestates,andin doingsoweareleadto introduceanew kind of function,
theDiracdeltafunction.

8.6.3 The Dirac Delta Function

Wehavejustseenthattheinnerproduct$x|x%#vanishesif x ! x%, but appearsto beinÞnite
if x = x%. In orderto give somemathematicalsenseto this result,we returnto Eq. (8.80)
andlook morecloselyat thepropertiesthat$x|x%#musthavein orderfor thecompleteness
relationalsoto makesense.
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The probability amplitude$x|ψ#appearingin Eq. (8.80)arefunctionsof the continuous
variablex, andis oftenwritten $x|ψ# = ψ(x), which we identify asthewave functionof
theparticle.If wenow considertheinnerproduct

$x%|ψ#=
( +*

"*
$x%|x#$x|ψ#dx (8.82)

or

ψ(x%) =
( +*

"*
$x%|x#ψ(x)dx (8.83)

we now seethatwe have an interestingdi! culty. We know that$x%|x# = 0 if x%! x, so
if $x|x# is assigneda Þnitevalue,the integral on the right handsidewill vanish,so that
ψ(x) = 0 for all x!! But if ψ(x) is to bea non-trivial quantity, i.e. if it is not to bezerofor
all x, thenit cannotbethecasethat$x|x#is Þnite. In otherwords,$x%|x#mustbeinÞnite
for x = x%in somesensein orderto guaranteea non-zerointegral. Theway in which this
canbe doneinvolvesintroducinga new ÔfunctionÕ,the Dirac deltafunction, which has
someratherunusualproperties.

Whatweareafteris aÔfunctionÕδ(x " x0) with thepropertythat

f (x0) =
( +*

"*
δ(x " x0) f (x)dx (8.84)

for all (reasonable)functions f (x).

Sowhat is δ(x " x0)? Perhapsthesimplestway to getat what this function looks like is
to examinebeforehandasequenceof functionsdeÞnedby

D(x, ε) = ε" 1 " ε/2 < x < ε/2

= 0 x < " ε/2, x > ε/2. (8.85)
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f (x)

x

Figure8.6: A sequenceof rectanglesof de-
creasingwidth but increasingheight, main-
taininga constantareaof unity approachesan
inÞnitelyhighÔspikeÕat x = 0..

What we Þrst notice about this function is
that it deÞnesa rectanglewhoseareais al-
waysunity for any (non-zero)valueof ε, i.e.

( +*

"*
D(x, ε)dx = 1. (8.86)

Secondly, we notethatasε is madesmaller,
the rectanglebecomestaller and narrower.
Thus,if we look atanintegral

( +*

"*
D(x, ε) f (x)dx = ε" 1

( ε/2

" ε/2
f (x)dx

(8.87)
wheref (x) isareasonablywell behavedfunc-
tion (i.e. it is continuousin the neighbour-
hoodof x = 0), we seethat asε ' 0, this
tendsto the limit f (0). We cansummarize
this by theequation

lim
ε ' 0

( +*

"*
D(x, ε) f (x)dx = f (0). (8.88)

Taking the limit insidethe integral sign(an illegal mathematicaloperation,by theway),
wecanwrite this as

( +*

"*
lim
ε ' 0

D(x, ε) f (x)dx =
( +*

"*
δ(x) f (x) = f (0) (8.89)

wherewehave introducedtheÔDiracdeltafunctionÕδ(x) deÞnedasthelimit

δ(x) = lim
ε ' 0

D(x, ε), (8.90)

a functionwith theunusualpropertythat it is zeroeverywhereexceptfor x = 0, whereit
is inÞnite.

TheabovedeÞnedfunctionD(x, ε) is but oneÔrepresentationÕof theDiracdeltafunction.
Therearein e" ect an inÞnitenumberof di" erentfunctionsthat in an appropriatelimit
behaveastherectangularfunctionhere.Someexamplesare

δ(x " x0) = lim
L'*

1
π

sinL(x " x0)
x " x0

= lim
ε ' 0

1
π

ε

(x " x0)2 + ε2
(8.91)

= lim
λ'*

1
2λe

" λ|x" x0|.

In all cases,thefunctionontheright handsidebecomesnarrowerandtallerasthelimit is
taken,while theareaunderthevariouscurvesremainsthesame,thatis, unity.

TheÞrstrepresentationabove is of particularimportance.It arisesby via the following
integral:

1
2π

( +L

" L
eik(x" x0)dk =

eiL(x" x0) " eiL(x" x0)

2πi(x " x0)
=

1
π

sinL(x " x0)
x " x0

(8.92)
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In thelimit of L ' * , this thenbecomes

1
2π

( +*

"*
eik(x" x0)dk = δ(x " x0). (8.93)

The delta function is not to be thoughtof asa function as it is usuallydeÞnedin pure
mathematics,but ratherit is to be understoodthat a limit of the kind outlinedabove is
impliedwhenever thedeltafunctionappearsin anintegral3. However, suchmathematical
nicetiesdo not normally needto be a sourceof concernin mostinstances.It is usually
su! cient to be awareof the basicpropertyEq. (8.84)anda few otherrulesthat canbe
provenusingthelimiting process,suchas

δ(x) = δ(" x)

δ(ax) =
1
|a|
δ(x)

xδ(x) = 0
( +*

"*
δ(x " x0)δ(x " x1) = δ(x0 " x1)

( +*

"*
f (x)δ%(x " x0)dx = " f %(x0).

Thelimiting processshouldbeemployedif thereis somedoubtaboutany resultobtained.
For instance,it canbeshown that thesquareof a deltafunctioncannotbegivena satis-
factorymeaning.

Delta Function Normalization

Returningto theresult

ψ(x%) =
( +*

"*
$x%|x#ψ(x)dx (8.94)

weseethattheinnerproduct$x%|x#, mustbeinterpretedasadeltafunction:

$x%|x#= δ(x " x%). (8.95)

The states|x# are said to be delta function normalized,in contrastto the orthonormal
propertyof discretebasisstates.Oneresultof this,ashasbeenpointedout earlier, is that
statessuchas|x#areof inÞnitenormandsocannotbenormalizedto unity. Suchstates
statescannotrepresentpossiblephysicalstatesof asystem,thoughit is oftenconvenient,
with caution,to speakof suchstatesasif they werephysically realizable.Mathematical
(and physical) paradoxes can ariseif careis not taken. However, linear combinations
of thesestatescanbe normalizedto unity, as this following exampleillustrates. If we
considerastate|ψ#givenby

|ψ#=
( +*

"*
|x#$x|ψ#dx, (8.96)

3Thisraisesthequestionasto whetheror not it wouldmatterwhatrepresentationof thedeltafunctionis
used.Providedthefunction f (x) is boundedover ("* ,+* ) thereshouldbenoproblem,but if thefunction
f (x) is unboundedover this interval, e.g. f (x) = exp(x2), then only the rectangularrepresentationof the
deltafunctionwill giveasensibleanswer.
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then

$ψ|ψ#=
( +*

"*
$ψ|x#$x|ψ#dx. (8.97)

But $x|ψ#= ψ(x) and$ψ|x#= ψ(x)! , sothat

$ψ|ψ#=
( *

"*
|ψ(x)|2dx. (8.98)

Provided |ψ(x)|2 is a well behaved function, in particularthat it vanishasx ' ±* , this
integral will converge to a Þniteresult,so that thestate|ψ#canindeedbenormalizedto
unity, andif so,thenwecaninterpret|ψ(x)|2dx astheprobabilityof Þndingtheparticlein
theregion (x, x + dx), which is just thestandardBorn interpretationof thewave function.

8.6.4 Separable State Spaces

We have seenthatstatespacesof inÞnitedimensioncanbesetup with eithera denumer-
ably inÞnitenumberof basisstates,i.e. thebasisstatesarediscretebut inÞnitein number,
or elseanon-denumerablyinÞnitenumberof basisstates,i.e. thebasisstatesarelabelled
by a continuousparameter. Sincea statespacecanbespannedby morethanonesetof
basisstates,it is worthwhile investigating whetheror not a spaceof inÞnitedimension
canbespannedby a setof denumerablebasisstates,aswell asa setof non-denumerable
basisstates. An example of wherethis is the casewasgiven earlier, that of a particle
in an inÞnitely deeppotentialwell, seep95. It transpiresthat not all vectorspacesof
inÞnitedimensionhave this property, i.e. that they canhave both a denumerableanda
non-denumerablesetof basisstates.Vectorspaceswhich canhave both kinds of basis
statesaresaidto beseparable,andin quantummechanicsit is assumedthatstatespaces
areseparable.

8.7 States of Macroscopic Systems

In theexamplesgivenabove, it wasassumedthatanexhaustive list of resultsthatcould
beobtainedin themeasurementof someobservableof a quantumsystemcouldbeused
to setup the basisstatesfor the statespaceof the system. The valueof doing this is,
of course,to be determineby the successor otherwiseof theseideas. That quantum
mechanicsis suchanoverwhelminglysuccessfultheoryindicatesthatthereis something
correctin this procedure,but the questionthat arisesis this: why doesit not appearto
work for macroscopicsystems,i.e. for systemswhich we know canbe fully adequately
explainedby standardclassicalphysics? The answerappearsto lie in the fact that in
all theexamplesdiscussedabove, whetheror not theHilbert spaceis of Þniteor inÞnite
dimension,i.e. whetheror not we aretalking aboutspin up or spin down of a spin half
particle,or thepositionof aparticlein space,theimplicit assumptionis thatthesystemwe
areconsideringis totally isolatedfrom all othersystems,in particular from any inßuence
of the surroundingenvironment. After all, whenwe talked abouta system,suchasan
O"

2 ion, we are ignoring all the otherphysical inßuencesthat could act on this system,
i.e. we do not needto mention,in our speciÞcationof the stateof the system,anything
other thanpropertiesthat directly pertainto the systemof interest. The assumptionis
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made,asit is in classicalphysics,thatsuchinßuencesaresu! ciently weakthatthey can
be ignoredto a goodapproximation.In e" ect,we aresupposingthat thesystemsunder
considerationareisolatedsystems,thatis, systemsthatareisolatedfrom thee" ectof any
externalperturbations.

Classically, at themacroscopiclevel, we canusuallycontinueto ignoreweakperturbing
inßuenceswhenspecifyingthe stateof a system. In fact, whendeÞninga ÔsystemÕwe
typically includein whatwe refer to astheÔsystemÕ,all theparticipantsin thephysical
processbeingdescribedthatinteractstrongly with eachother. Anything elsethatweakly
a" ectstheseconstitutentsis ignored.For instance,whendescribingtheorbital dynamics
of theEarthasit revolvesaroundtheSun,we might needto take into accountthegrav-
itational pull of the Moon Ðthe systemis the Earth,the Sunandthe Moon. But we do
not really needto take into accountthee" ectof thebackgroundmicrowave radiation left
over after theBig Bang. Or, whendescribingthecollision betweentwo billiard balls, it
is probablynecessaryto includethe e" ect of rolling friction, but it not really necessary
to take into accountthe frictional dragdueto air resistance.Of course,sometimesit is
necessaryto includeexternalinßuencesevenwhenweak:to describeasystemcomingto
thermalequilibriumwith its surroundingsit is necessaryto extendthesystemby includ-
ing theenvironmentin thedynamicalmodel.In any of theseexamples,thesameclassical
physicsmethodsandphilosophy applies.

Thereis asubtledi" erencewhenit comesto trying to applythequantumideasdeveloped
sofar to macroscopicsystems.Thesame,weakperturbationsthatcanbeput to oneside
in aclassicaldescription of amacroscopicsystemturnout to havea far-reachinge" ectif
includedin aquantumdescriptionof thesamesystem.If wewereto attemptto describea
macroscopicsystemaccordingto thelawsof quantummechanics,wewouldÞndthatany
linear superpositionof di" erentpossiblestatesof the systemevolveson a fantastically
short time scaleto a classicalmixture of the di" erentpossibilities. For instance,if we
wereto attemptto describethestateof a setof carkeys in termsof two possibilities:in
yourpocket |p#or in yourbrief case|b#, thenastateof theform

|ψ#=
1
(

2

+
|p#+ |b#

,
(8.99)

couldbeusedto representa possibleÔquantumstateÕof thekeys. But this quantumstate
wouldbeexceedinglyshortlived(ona timescale, 10" 40 sec),andwouldevolve into the
two alternative possibilities:a 50%chanceof thekeys beingin thestate|p#, i.e. a 50%
chanceof Þndingyour keys in your pocket, anda 50% chanceof beingin the state|b#,
i.e.a50%chanceof Þndingthemin yourbrief case.But this is no longerasuperposition
of thesetwo states. Instead,the keys areeither in the state|p# or the state|b#. What
this e" ectively meansis thatrandomnessis still there,i.e. repeatinganexperimentunder
identicalconditionscan give randomlyvarying results. But the stateof the keys is no
longer representedby a statevector, so thereare no longer any quantuminterference
e" ectspresent. The randomnesscan thenbe looked uponasbeing totally classicalin
nature,i.e. asbeingdue to our ignoranceof information that is in principle there,but
impossiblydi! cult to access.In e" ect,thequantumsystembehaveslikeanoisyclassical
system.

Theprocessthatwashesout thepurelyquantume" ectsis known asdecoherence.Since
it is e" ectively impossibleto isolateany macroscopicsystemfrom the inßuenceof its



Chapter 8 Vector Spaces in Quantum Mechanics 109

surroundingenvironment4, all macroscopicsystems(with very few exceptionssuchas
superßuidSQUID junctions)aresubjectto decoherence.This processis believedto play
acrucial rolein why, atthemacroscopiclevel,physicalsystems,whichareall intrinsically
quantummechanical,behave in accordancewith theclassicallaws of physics. It is also
oneof themaincorruptinginßuencesthatpreventa quantumcomputerfrom functioning
asit should. Quantumcomputersrely for their functioningon theÔqubitsÕremainingin
linearsuperpositionsof states,but theever-presentdecoheringe" ectsof theenvironment
will tendto destroy thesedelicatequantumstatesbeforea computationis completed,or
elseat the very leastintroduce errorsas the computationproceeds.Controlling deco-
herenceis thereforeoneof the major challengesin the developmentof viable quantum
computers.

So,thebottomline is thatit is only for protectedisolatedsystemsthatquantume" ectsare
mostreadilyobserved,andit is for microscopicsystemsthat this stateof a" airs is to be
found.But thatis not to saythatquantume" ectsarenotpresentat themacroscopiclevel.
Peculiarquantume" ectsassociatedwith thesuperpositionof statesarenot to beseen,but
thepropertiesof matterin general,andindeedthepropertiesof the forcesof nature,are
all intrinsically quantumin origin.

4ÔNomanis anIland,intire of itselfeÕÐJ.Donne,DevotionsuponEmergentOccasionsMeditationXVII
(1693)


